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below. The results have several applications, one of which will be described here. It is 
concerned with Stiefel manifolds and projective spaces. 
Consider the bundles of Milnor [ 121, which are defined as follows. Let G be a topolog- 
ical group with unit element e. Let G,, where m = 1,2, . . . , denote the join of m copies of 
G, with the strong topology. We give G, the structure of a principal bundle with group G, 
as described by Milnor. In particular an operation of G on the right of G, is defined. The 
space of orbits, i.e. the base space, is denoted by P,, and the natural projection by p. An 
equivariant embedding of G, in G, + 1 is defined so that there is a corresponding embedding 
of Pm in Pm+l. Milnor shows that P,,,+l can be obtained from P,,, by attaching a cone on 
G,, using p as the attaching map. We can identify G, with G so that the action of G on Gr 
is group multiplication. Hence P, is a point-space, and P, is the suspension of G. 
Our application concerns the following problem. Consider the inclusion j : Pk + P,,,, 
where m 2 k > 1. By a map of type (j, p) we mean a map 
f:Pkx G,+P,,, 
such that for all x E Pk and y E G, we have 
Ax, e> = jx, Ape, Y> = PY. 
Given k, for what values of m does there exist a map of type (j, p)? We denote the set of 
values by Mk(G). Notice that Mk(G) c M,(G) if 1 < k. Since P, is a point-space the set 
contains all positive integers when k = 1. I do not know whether, in general, the set is 
non-empty for k > 1. 
Let F denote the field of real numbers, complex numbers or quaternions, and let d 
denote the dimension of F over the reals, so that d = 1, 2 or 4 as the case may be. Let F,,, 
denote the right F-module of m-tuples of elements of F with the standard imaer product: 
X.y = CXiyi, 
where the bar denotes conjugation in F. Take G, in the above, to be the sphere-group of 
elements in F with unit modulus. We can identify the m-fold join G, with the subspace of 
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F, where x.x = 1 so that the orbit space P,,, is an (m - 1)-dimensional right projective 
space over F. 
The Stiefel manifold O,,, can be defined as the function-space of morphisms Fk -+ F,,, 
which leave the inner product fixed. Such a morphism determines an equivariant map 
GI, + G, and hence induces a map Pt + P,. We say that the Stiefel manifold admits a 
cross-section if there exists a map h : G,,, + O,,,+ such that h(v) sends e E Gk into ,V for all 
y E G,. If such a map exists we can define a map of type (j, p), 
f:PkxG,-+P,, 
so that f(x, y) is the image of .y under the map Pk + P,, induced by My). In $2 below we 
deduce, from general theorems proved later in this paper, that the existence of a cross- 
section is necessary as well as sufficient for the existence off. Thus we obtain 
THEOREM (1.1). The set M,(G), when G is a sphere-group, coincides wilh the set of 
integers m such that the corresponding Stiefel manifold O,,, admits a cross-section. 
COROLLARY (1.2). If G is a sphere-group there exists a positive number qk, depending 
on G, such that M,(G) consists of all positive multiples of qk. 
To deduce the corollary from the theorem we refer to (1.4) of [9] and, in the real case, 
to the theorem of Adams [l]. We recall from (2.11) of [lo] that q2 = 24 in the quatemionic 
case, otherwise q2 = 2. Both P, and G, are spheres and so our result when k = 2 can be 
reformulated as 
COROLLARY (1.3). The Whitehead product of the inclusion P2 + P,,, and the jibration 
G, + P, is nul-homotopic if, and only if, 
m E 0 mod 2 (F real or complex), 
m = 0 mod 24 (F quaternionic). 
An alternative proof of this result was given in [3]. Possibly the methods used in [3] 
would provide a means of deciding whether or not M,(G) is empty in cases when G is not a 
sphere-group. 
The theorems of this paper are suggested by comparison between the Stiefel manifold 
o,,,~ and the space of equivariant maps Gk -+ G,. These latter, of course, are available 
whether G is a sphere-group or not. It seems likely that they would be useful in an attempt 
to extend some of the theory of vector bundles to fibre bundles in general. In a subsequent 
paper I hope to pursue this topic. 
52.THE MAIN THEOREMS 
By a fibre map, in this paper, we mean a map f : X + Y which satisfies the homotopy- 
lifting condition for CW-complexes. We do not require f to be surjective; it is possible for 
X to be empty. By ajibre off we mean the counterimage of a point of fX. By a cross- 
section off we mean a map g : Y --i X such that fg = 1. When X and Y have basepoints 
we require that both f and g preserve basepoints. 
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Let G be a compact Hausdorff topological group with unit element e. By a G-bundle 
we mean a principal fibre bundle in the sense of Steenrod [13], with G as group and fibre. 
If < is a G-bundle we denote by 
4, : 5E -+ 5B 
the projection of the total space onto the base. We recall that G acts on the right of tE, as 
described in (8.10) of [13], so that the fibres under rP are the orbits of G. 
Let t and q be G-bundles. A bundle map of 5 into ;r7 is a map f: SIE -+ qE which is 
equivariant with respect to the action of G. Such a map sends fibres into fibres and thereby 
induces a map f' : te + qs, so that 
f’& = t?pf. 
Let [c, ~1 denote the space7 of bundle maps of c;’ into q and [te, r]J the space of maps of 
tB into I]~. Since G is compact it follows that the transformation f -+ f’ determines a map 
b : CL d--f CL ~1. 
In 53 below we establish the following result which, apart from the restriction on the base 
space, is equivalent to the first covering homotopy theorem for G-bundles (see [6], [7], 
U31). 
THEOREM (2.1). If tB is a locally-finite C W-complex then 
is a jibre map. 
We denote by & the function-space of maps u : tE -+ G which satisfy the condition 
u(xg) = 9 - %)g (XE&, gEG). 
Iff : ( + q is a bundle map then so is f. u, where u E tc and (f. u)x = f(x) , u(x). Further- 
more a map 
f# : 5G + lx ‘II 
is defined by f#(u) = f.u. If f induces j“ : le + qe then so does f. u. Hence f, maps & 
into b-‘( f ‘), and it is easy to check that this transformation is a homeomorphism. Thus 
the fibres of b are homeomorphic to tc. When G is finite this means that [t, ~1 can be 
regarded as a kind of generalized covering space of [t8, ~~1. If G is commutative then tc 
can be identified with the function-space of maps of te into G, and from this its homotopy 
type can be determined. In particular 
and the higher homotopy groups of tc vanish. Thus we obtain 
THEOREM (2.2). Thefibres of b are homeomorphic to g,. If G isjinite thejibres arefinite. 
If G is a commutative Lie group their higher homotopy groups vanish. 
t In this paper all function-spaces are to have compact-open topology (see [4]). The maps which con- 
stitute the space do not need to preserve basepoints. 
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Another fibration for the space of bundle maps can be obtained as follows. Let Cr, be 
a closed subspace of te and let [ be the portion of 5 which stands over is. A bundle map 
of 5 determines, by restriction, a bundle map of [, and thereby we obtain a map 
In $3 below we shall also prove 
THEOREM (2.3). If cB is a locally-jnite CW-complex containing cB as a subcomplex then 
4 : CL tll + CL c-1 
is a jibre map. 
In this case the fibres are rather more difficult to identify but in $3 we shall show that, 
under certain conditions, they have the same homotopy type as the function-space of base- 
point-preserving maps Ss/[rr --, qE, where ts/crr denotes the complex obtained from <a by 
collapsing i, to a point. 
Consider the fibration q when CE = G, so that cr, is a point-space. A bundle map of 
G is determined by its value at the unit element e E G, which leads to an identification of 
[G, ~1 with qE. Consequently the fibre map 
4 : CL VI --) VE 
which is given by evaluation at e E G c 5. Under what conditions does q admit across-section? 
We consider this problem in relation to the following diagram, where r denotes the restriction 
map, defined in the same way as q. 
CL VI -t CL ?sl 
“1 1’ (2.4) 
TIE + ‘IB 
(1P 
Because [t, ~1 may have many components, of various homotopy types, we change over to 
the category of spaces with basepoints and basepoint-preserving maps. Choose a bundle 
map fO : 5 -+‘q to be the basepoint in 15, ~1, and take the induced map j-6 : 5,, + qr, to be 
the basepoint in [cB, ~~1. Let e’ = tPe be the basepoint in tB and letf,e,f;e’ be the base- 
points in qE, qB respectively. Then the fibrations in (2.4) are basepoint-preserving. 
We say that the bundle map fO : lj + q is rectifiable if q admits a cross-section; we say 
that f. is subrectifiable if there exists a map 
h : tlE + [t-B> %I 
such that rh = qP. These definitions involve f. because the maps must preserve basepoints. 
If q admits a cross-section 
k:qE+[t,d 
we can take h = bk, since 
rh = rbk = qpqk = qP. 
Therefore a rectifiable map is subrectifiable. When is the converse true? 
We deduce from (2.2), in case G is finite or commutative, 
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COROLLARY (2.5). Let ne be a l-connected CW-complex and let cg be a locally-finite 
CW-complex. Either let G be finite or else let G be commutative and n2(nE) = 0. Then 
f0 : 5 -t t] is rectifiable ifit is subrectifiable. 
The obstructions to lifting h with respect to b lie in H’(qs, II,_ ,(c,)) [2]. But IL,_ i(&) 
= 0 for r > 2, and n,(<,) = 0 if G is finite. Hence (2.5) is obtained. 
Let us now resume consideration of the Milnor bundles, as in the Introduction. The 
inclusion i : G, --) G, induces the inclusion j : P, + P,,,. Hence i is subrectifiable if and only 
if there exists a map of type (j, p), i.e. if and only if m E Mk(G). 
By a compact C W-group we mean (see $5 of [12]) a topological group with the structure 
of a finite CW-complex such that both multiplication and inversion are cellular maps. 
The classical groups satisfy this conditi0n.t In $4 below we shall prove 
THEOREM (2.6). Let G be a compact CW-group. If m E &f,(G) and 2k < m then G, c G, 
is rectifiable. 
When G is a sphere-group we compare the space of bundle maps [G,, G,] with the 
corresponding Stiefel manifold U,,k. In $6 among other results we shall prove 
THEOREM (2.7). Let G be a sphere-group. If G, c G, is rectifiable then Om,k admits a 
cross-section. 
To deduce (1 .I) from these theorems we proceed as follows. After what has already 
been shown in the introduction, the problem is to prove that O,,, has a cross-section when 
Gk c G, is subrectifiable. There is no problem when k = 1 or, in the real case, when 
m = k = 2. Exclude these trivialities. Then (1.1) follows at once from (2.3, (2.6) and (2.7) 
except in the quaternionic case when 2k > m. But this exception cannot occur. For if it 
did, we could choose I so that 21 = m or m + 1. Then G, c G, would be subrectifiable, 
since I < k, and so O,,,, would have a cross-section, by what we have already proved. But 
this would contradict (2.7) of [IO], and so (1.1) is proved in all cases. 
$3. THE FIBRATIONS 
If Y and Z are spaces we denote by [Y, Z] the function-space of maps Y -+ Z. When 
the spaces have basepoints we denote by [Y, Z]’ the subspace of [Y, Z] consisting of base- 
point-preserving maps. For any space A we denote by 
u: CA x r,zl-+CA, ~r,Zll 
the map such that a(h)(x)(y) = h(x, y), where x E A, y E Y and h : A x Y + 2. We recall 
(see 141) that a is a homeomorphism if Y is a locally-compact Hausdorff space. 
If A is a space and 5 is a G-bundle we denote by A x c the G-bundle defined as follows. 
The total space of A x 5 is A x 5e, the base is A x cB, and the projection sends (x, y) E 
A x cE into (x, 5,~). The action of g E G on the total space sends (x, y) into (x, y.g). In 
7 See Chapter IV of [14], and [17], [IS]. 
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the previous paragraph take Y = tE, Z = qE. If h is a bundle map then so is a(h); hence a 
determines a map /I as shown in the following commutative diagram, where the vertical 
arrows denote maps induced by the transformation 6. 
[A x c.3 VI L CA cc, 111 
I i 
(3.1) 
CA x 5E!, tlsl -+ 1‘4 ce,, ?dl. Q 
Throughout the remainder of this section we suppose that <a, and hence <r, is locally- 
compact and Hausdorff. This ensures that both a and /? are homeomorphisms in the above 
diagram. 
We begin by proving (2.1), which refers to the map 
b : Et> VI-, CL tliJ> 
where cs is a locally-finite CW-complex. Let K be a C W-complex. Suppose we have .a map 
and homotopy gf, 
f: K-, cc, ?I, 9f : K + L-L hl, 
such that bf = go. We transform into 
f’:Kxt+q, s; : K x 58 + rlB* 
where /I(f’) = f and a(g:) = gt. Since (3.1) is commutative the map of base spaces induced 
5y f’ is gb. Hence it follows from the first covering homotopy theorem, applied to the 
bundle K x 5, that g; can be lifted to a bundle homotopy 
f;:Kx 5-t?, 
such that fi = f ‘. We transform back to 
f, = B(fi) : K + CL VI. 
Then f = f. and gt = bf,, by the commutativity of (3.1). This proves (2.1). 
In the case of (2.3) the procedure is similar. The diagram shown below is relevant : 
cc, ?I “- CL VI 
bl Lb 
(3.2) 
C589 llsl + CL tlel- 
The hypothesis of (2.3) is that tB is a locally-finite CW-complex containing cB as a subcom- 
plex. By (H) on p. 227 of [16] we can regard K x tB as a CW-complex, with the product 
cell-structure, and K x qs as a subcomplex. We have to show that q satisfies the homotopy- 
lifting condition. Suppose we have a map f and homotopy gl, 
f : K + L-5, ~1, gr : K -+ CL ~1, 
such that qf = g,,. We transform into 
f’: K x t+q, g;:KxC-+tl, 
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where fi(f’) = f and p(g;) = gr. Consider the induced maps 
f”: K x jg -+ ‘t& g;: K x is -+ VB. 
Since qf = g,, it follows that f’ is an extension of 9; and f n is an extension of g& Hence, 
by the homotopy extension theorem, there exists a homotopy 
ft” : K x La + qg, 
extending g;, such that f b = j’“. We now apply the first covering homotopy theorem, in 
its relative formt, to the pair of bundles (Kx 5, K x [). This enables us to lift f; to a 
bundle homotopy 
f;: K x <--+q; 
extending g;, such that fd = f. We transform back to 
f,=Pcf,‘>:~+C5,d. 
Then f = f. and gr = qfr, which proves (2.3). 
When 5 is a product bundle q can be converted into an ordinary Borsuk fibration as 
follows. Let h : (YB --f tE be a cross-section of <. Composition with h determines a homeo- 
morphism 
h, : cc> rll --) CL Q-El. 
Let h’ : lrr + tfE be the cross-section of c determined by A[[,. Then the diagram shown below 
is commutative, where r, like q, is defined by restriction. 
(3.3) 
Thus the fibres of q, in this special case, can be identified with the fibres of r. We make use 
of this observation in our discussion of the fibres in the general case, as follows. 
Let A be a space. The cone TA is defined to be the join of A with a point, and the 
suspension SA to be the join of A with a pair of points. Both constructions can be regarded 
as identification spaces of I x A, where Z denotes the unit interval. In the case of TA we 
identify 0 x A with a point and 1 x A with A. In the case of SA we identify 0 x A with one 
point and 1 x A with another point. Thus the identity transformation on Z x A induces a 
map p : TA + SA which collapses A to a point. When the meaning is clear we write S, T 
instead of SA, TA. 
Suppose that A has a basepoint e. We take e as the basepoint in T, since A c T, and 
we take pe as the basepoint in S. We prove 
t I believe it will be clear what I mean by this, although the theorem does not appear to have been pub- 
lished in its relative form. The proof of the absolute case in [13] can be relativized, without effort, by intro- 
ducing at the beginning of the induction on page 52 the extra hypothesis that the homotopy has already 
been defmed on a sub-bundle, and making corresponding alterations in the sets over which the lifted homo- 
topy is constructed. 
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LEMMA (3.4). Let A be a CW-complex and let X be a space, both with basepoints. 
Let w : A -+ X be a basepoint-preserving map which can be extended over T. The homotopy 
type of the function-space of such extensions ‘is independent of co. 
This proposition is proved by G. W. Whitehead [I 51 in case A is a sphere and our proof 
is a straightforward generalization of his. Consider the space [T, X]’ of basepoint-preserving 
maps of T into X. Given such a map u we denote by F, the subspace of all maps which agree 
with it on A. If u, t’ E [T, Xl’ andfE FV thenf” E F,, where 
f’(r, x) =fW, x) (0 < t < l/3), 
= 42 - 34 x) (l/3 < t < 2/3), 
= u(3t - 2, X) (2/3 < t < 1). 
The transformation f --+ f ’ defines a map 
D(u, u) : F, + F,. 
Since D(U, u) is homotopic to the identity it follows that the composition of D(U, u) with 
~(0, U) is homotopic to the identity. Hence D(u, u) is a homotopy equivalence, and so the 
homotopy type of Fu is independent of u. This proves (3.4). Suppose now that v is the 
constant map. Composition with p : T + S determines a homeomorphism of [s, _I$ onto 
F,. Hence we obtain: 
LEMMA (3.5). The function-spaces considered in (3.4) hnce the same homotopy type as 
ts, Xl’. 
We say that a C W-complex K is obtained from a subcomplex L by the attachment of 
a cone if, for some complex A, there exists a cellular relative homeomorphism 
h : U’s 4 -+ (K L), 
which preserves basepoints. Under this condition S is homeomorphic to the complex 
obtained from K by collapsing L to a point. We prove 
THEOREM (3.6). Let tB be a locally-finite CW-complex containing c8 as a s&complex. 
suppose that sB is obtainable from in by the attachment of a cone, and let rB/CB denote the 
,-onlp/ex_ obtained from tB by collapsing TS to a point. Then thejibres of 
4 : CL VI--+ CL 111 
/laoe the same homotopy type as 
Choose a complex A so that there exists a relative homeomorphism 
11 : CT, 4 + CL Cd. 
Let <‘, [’ &note the induced bundles over T, A, respectively, SO that h lifts to a bundle map 
k : (t’, i’) -+ (5,C-I). 
Since h is a relative homeomorphism it follows that k is a relative homeomorphism and so 
the fibres of 
4 : cc rll -+ cc, 49 
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are homeomorphic to the corresponding fibres of 
4’ : cc, VI + Ci’, VI. 
But 5’ is a product bundle, since T is contractible, and so it follows as in (3.3) that the fibres 
of q’ are homeomorphic to the fibres of the restriction fibration 
But these by (3.5), have the same homotopy type as [S, ~~1’. Since S is homeomorphic to 
t8/cs this proves (3.6). 
&k THE MILNOR BU3DLES 
Now let G be a compact CW-group, and apply Milnor’s construction to endow the 
m-fold join G, with the structure of a G-bundle over P,. We recall from $5 of [12] that P, 
can be given the structure of a finite C W-complex. Moreover P,,, is contained as a subcom- 
plex of P,,,+l, which can be obtained from P,,, by attaching a cone on G,, and the attaching 
mapp : G, -+ P,,, is cellular. Let Em,_ where 1 < k ,< m, denote the space of bundle maps 
of & into E,,,, with basepoint the inclusion Ek c E,,,, By (3.6) the fibres in the restriction 
fibration 
E m,k+ I + Em,, tk < m> 
have the same homotopy type as [SG,, G,]‘. Let B,,, denote the space of maps of Pk into 
P,, and consider the fibration 
b : En,,, -+ Bm,, 
as in (2.1). Let i : Gk + G, and j : Pk -+ P,,, be the inclusions, so that b(i) = j, and let Y,,, = 
b-‘(j) denote the fibre over j. Recall that, when m > 2, the fibre of p : G, + P, is con- 
tractible in the total space. As a step towards (2.6) we generalize this by proving 
LEMMA (4.1). If 2k < m then Y,,k is contractible in E,,k. 
By composition with the inclusion i we obtain a homeomorphism c : Y, -+ Ym& where 
yk = yk.k* We regard G, as the join of G, with Gm-k, and observe that Gk is a subspace of 
G,_, since 2k < m. Consider the homotopy 
I$ : Yk -+ E,,, (0 ,< t < l), 
which is defined as follows. Let f E Y,, so that f is a bundle map of G, onto itself. Then 
,I,( f) is the bundle map of G, into G, which transforms x E G, into 
((1 - 2t)f(x), 2tx) (0 < t < +>, 
((2t - 1)x, (2 - 2t)x) (+ < t < 1). 
We have &,(f) = fi, ,I,( f) = i. Therefore 
pr = &e-r : Y,,, + E, k 
gives a contraction of the fibre in the total space. This proves (4.1). 
Now let x, in the formula for I.,, be restricted to G,, where 1 < 1 < k. If f is a bundle 
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map of G, onto itself then A.,(f) is a bundle map of Gr into G,. Hence we obtain a contracting 
homotopy 
cl; : L,, + LJ. 
This definition of p; involves k. We find, as a result, that the following diagram is com- 
mutative, where q and q’ are obtained by restriction. 
rrr 




Y m.l + Em,, 
P’C 
We are now ready to prove (2.6). We can take k > 1 since G c G,, is always rectifiable. 
Since rn > 2k the conditions of (4.1) are fulfilled. Let A be a CW-complex, with basepoint 
e and suspension SA. Consider the following commutative diagram, where a(X) (resp. 
a(X)) denotes the set of homotopy classes of maps of A (resp. SA) into a space X, with respect 
to basepoints. 
@,,,) J O,.,) 4 a( Y,,,) 
i @I *I 
(4.3) 
a(KI,J + CO,,,) -+ a(Y,,J 
B d 
In the diagram the vertical 0, 4, $ are induced by the restriction maps. The horizontals are 
from the fibre homotopy sequences. Thus p is induced by the fibre map and 6 is the trans- 
gression. It follows from (4.1) that the transgression admits a right-inverse y, say. More- 
over, since (4.2) is commutative these right-inverses can be chosen so that 
+r = rll/* (4.4) 
If A is a double suspension then a(X) and o(X) are abelian groups and all the transformations 
are homomorphisms; we use the additive notation in that case. 
We recall that the join of two finite complexes has the same homotopy type as the 
suspension of their smash product. In particular, since m > 4, we can find a complex A, 
which is itself a double suspension, such that there exists a homotopy equivalence h : SA -+ 
G,. In (4.3) we take I = 1, so that the bottom line can be rewritten as: 
a(G,): o(P,): a(G). 
Let o E o(G,) denote the class of h. The hypothesis of (2.6) is that the fibrationp : G, -+ P,,, 
can be lifted up to Bm,k. Therefore /3(o) = 4(0’), for some o’ E o(B,,J. Since 6 = 6~6 it 
follows by exactness that w’ - y&o’) = /?(w”) for some o” E a(E,,,). Since +yS = ~$8 = 
$54, by (4.4), we obtain that 
/%J(o”) = &I(&) = 4(0’) - y&$(0’) = P(o). 
But /3 is a monomorphism, since y is a splitting homomorphism, and so w = O(o)“). Consider 
the composition 
h’ I 
G, -+ S/f + Em,kr 
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where h’ is a homotopy inverse of h, and f is a representative of o”. Since qf represents 
e(o”), we have qf N h, and so qfh’ N hh’ N 1. Therefore 
f h’ N h” : G, -+ E,,, , 
by the covering homotopy theorem, where h” is a cross-section. This proves (2.6). 
$5. THE INTRIXSIC MAP 
Let H be a closed subspace of G with the property that gHg-’ = H for all g E G. We 
regard the join H * G, as a subspace of G,+l, for m = 1, 2, . . . , but make G act on this 
subspace so that 
(sx, (1 - S)Y).!J = (SC l.V, (1 - 4YS), 
where x E H, y E G, and s E I. The orbit space of If * G, under this action is denoted by 
Q,,,. In case His empty we identify H * G, with the subspace of G,+l where the first com- 
ponent is zero, so that the orbit space is equivalent to P,. 
The embedding G, c G,+r is compatible with the embedding H * G,_l c H * G, 
and with the action of G. Hence an embedding of Q,,-, is Q, is determined. Let Q,,+ 
where 1 < k < m, denote the space obtained from Q, by collapsing Q,,_, to a point. 
Since Q,,,_, 3 Q,,,_k if 1 < I < k there is a natural cofibration 
P : Qm,k -+ Qm,l 
in which a copy of Qm_l.k-, is collapsed to a point. 
With each bundle map f: Gt -+ G, we associate the sequence of bundle homotopies 
f,:G,-+G,+, (4 > k) 
which are given by 
Ml - 4% V) = ((1 - 9% s(1 - MY, sty), 
where x E Gq_k, y E G,, and s, t E I. In this expression G, is represented as the join of G,_t 
and GL, while Gm+q is represented as the join of G,_,, G, and Gk. There are several points 
to notice. First thatf, maps H * G,_, into H * Gm+q_l, and is equivariant with respect to 
the action of G. Hence fi induces a sequence of homotopies 
gr: Qn+Qm+n (n>, k), 
where n = q - 1. Secondly,f, maps Gq_-lr, where s = 0, into itself. Hence gr maps Q.-k 
into itself and therefore induces a sequences of homotopies 
h, : Qn,, -+ em+,,,. 
Finally,f, maps G, into Gm+q_k and fi is independent off. Hence a map 
h : -L.,c * Qn,,s -+Qm+n.k 
is determined by h((1 - t)f, tz) = h,(z), where z E Qn,k. We refer to h as the intrinsic map. 
Two special cases of h are considered in [lo], and various naturality relations are 
proved in $5 of [ 101. Similar relations can be established in the general case but for present 
purposes the following will be sufficient. Notice that f, maps G,_, into Gm+q_-I, where 
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1 < 1 < k. Hence a map h’ can be defined so that ph = h’p’, as in the diagram shown 
below, where p denotes the cofibration and p’ denotes the join of the cofibration with 
the identity on E,+. 
h 
E m.k * Qn.k -, Qm+n,k 
P' I IP & 
(5.1) 
E 4 * Q,J + Qe+n.l 
h’ 
It is also possible, by analogy with [8], to define an intrinsic map 
E m.k * En,, + Em+n,k, 
which is a homeomorphism when k = 1. I have no applications for this. 
$6. STXEFEL MANIFOLDS 
In these last two sections we take G to be a sphere-group of dimension d - 1, where 
d = 1, 2 or 4. We take H, in $5, to be the subspace of G on which x + ,? = 0; thus H is 
empty in the real case. The resulting spaces Qm,k are the same as the stunted quasi-projective 
space of [lo]. We recall, from [IO], that Qm,k can be embedded in the corresponding Stiefel 
manifold Gm,k. We regard G,,I, and hence Q,,,k as a subspace of Em,,. All three spaces 
coincide when k = 1, and are identified with G,. If I < I < k we have the compatibility 
diagram shown below, where the horizontal arrows denote embeddings and where p is the 
cofibration of the previous section, p is the fibration of Stiefel manifold theoryj, and q is our 
restriction fibration 
Qa-";rn+f'rk 
Qm,;+ 0m.1 + 4n.i 
(6.1) 
We say that a subspace A of a space X is an S-retract if, for some value of i, the i-fold 
suspension of A is a retract of the i-fold suspension of X. In (2.5) of [lo] it is proved that 
Q m,k is an S-retract of O,,,. We improve this to 
THEOREM (6.2). The stunted quasi-projective space Qm,k is an S-retract of the corresponding 
space of bundle maps EmVk. 
It is shown in 98 of [lo] that, given k, we can choose n so that there exists a map 
f: G, + Qn,k of degree one. Consider that composition 
# h 
Es m k * G, -+ Em,k * t&k + Qm+n,k, 
where g denotes the join off with the identity on Em,k and h denotes the intrinsic map defined 
in the previous section. By restricting hg to Qm,k * G, we obtain a homotopy equivalence, 
by the argument used in 97 of [lo]. The composition of hg with a homotopy-inverse of this 
equivalence is a map 
E 4 * G, + Qm,k * G, 
t Here, as in §S, there are insignificant differences between our present definitions and those of [8], [9], 
1101. 
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which is homotopic to a retraction. The join with G, is equivalent to &-fold suspension and 
so (6.2) is proved. 
To deduce (2.7) we continue as follows. Suppose that the fibration 
4 : Em,, -+ G,, 
admits a cross-section. Then the composition 
/ 
G,*G,-*E,,,*G"-ItQ,,,*G, 
has degree one, where r is a retraction and f is the join of a cross-section with the identity 
on G,. Hence Q,,,,k is S-reducible, in the sense of [IO], and so O,,, has a cross-section, by 
the main theorem of [l] and the theorems in $2 of [IO]. This proves (2.7). 
The following provides another application for intrinsic maps. In (6.1), with I = k - 1, 
let L,, denote the fibre of p, which is the same as the cofibre of p, and let R,,, denote the 
fibre of q. The basepoints used are the standard ones. By (3.6), R,,, has the same homotopy 
type as the d(k - 1)-fold loop space on G,, which is a (An - I)-sphere. Hence R,*, is 
(r - 1)-connected, where r = d(m - k + 1) - 1, and n,(n,,,) is cyclic infinite. Further- 
more n,(~,,,) is cyclic infinite also, since C,n,k is an r-sphere. We prove 
LEMMA (6.3). The injection 
7Gl,,) + JG-4”,A (r=d(m-k + I)- 1) 
is an isomorphism. 
Choose n, as in the proof of (6.2), so that there exists a mapf: G, -+ Qn,k of degree one. 
Take the join off with the identity on E,,k and apply the intrinsic map h so as to obtain a 
map 
u : E,+ * G,+ Qm,r *G, 
which is homotopic to a retraction. Then make a similar construction for k - 1 instead of 
k, with f replaced by pf: G, --+ Qn,k_l and h by the intrinsic map h’ which appears in (5.1), 
with I = k - 1. The result is a map U, as shown in the diagram below, which is homotopic 
to a retraction and which makes the diagram commutative. 
4’ 




Q m,k *Gn+Qm,t-I* Gn 
P’ 
In the above diagram q’ and p’ denote the joins of the corresponding maps with the identity 
on G,. Thus p’u = cq’, which is nul-homotopic on R,,k * G,. Hence the restriction of u to 
R m.k * G, can be deformed into C,,k * G, so as to define a map 
w : R,.k * G,+C,, * G,. 
Since u and v are homotopic to retractions, so also is w. Therefore &,,k is an S-retract of 
Q m,k. Consequently the homology of R,,, contains as a direct summand the image, under 
injection, of the homology of &,k. Since the spaces are (r - I)-connected it follows that 
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z,(Q,,~) contains the injection of rc,(C,,J as a direct summand of rc,(Q,,,). Both groups are 
infinite cyclic and so (6.3) is proved. 
Since R,,, has the same homotopy type as the s-fold loop-space on G,; where s = 
ri(k - l), there exists a natural isomorphism 
0 : ni(Qm,A M Xi+s(Gm)* 
Let 4 denote the composition of 0 with the injection 
d : ni(Cm,!J + ni(nfn,k>* 
Then 4 is equivalent to s-fold suspension, in the sense of Freudenthal. For if y is a generator 
of rr,(C,,,) then 4(y) is a generator of rc,+,(G,), by (6.3), and so it follows by naturality that 
+ 4(y 0 @) = 4(y) 0 E”u (6.4) 
where tl E n,(S) and E”r E TC~+~(Y+~) denotes the s-fold suspension of c(. 
We use (6.4) to prove the following theorem which, in the real case, is due to Haefliger 
and Hirsch (see (1.1) of [5]). 
THEOREM (6.5). The pair (Em,k, O,,,) is t-connected, where t = 2d(m - k + 1) - 3. 
The proof is by induction on k. The theorem is true when k = 1, since OmSk = E,,,,. 
Let k 2 2, and suppose the theorem is true for k - 1 instead of k. Consider the injection 
of the fibre homotopy sequence for p into that for q, as shown in the following diagram, 
where Ji (i = 1, . . . , 5) denotes injection. 











xi+ ,(Em,,- 1) + ni(Qm,J + ni(Em.J + ni(Em,,- I> + xi- ~(Qm,d 
By the inductive hypothesis, both E., and 1, are isomorphisms for i < t. By (6.4) and the 
Freudenthal theorems, A5 is an isomorphism for i < t, while 1, is an isomorphism for i < t, 
and an epimorphism for i = t. Hence, by the five lemma, A3 is an isomorphism for i < t 
and an epimorphism for i = t. This proves (6.5). 
Let Ok,, c Bmvk denote the image of Om,k under b. Let G be commutative, which means 
excluding the quaternionic case. It follows from (2.2) that the fibre of 
b : Em,, -+ 4.q~ 
contains as a deformation retract the fibre of 
b’ : On+ --) Ori,.,, 
where b’ is determined by b. Hence and from (6.5) we obtain 
COROLLARY (6.6). In the real and complex cases the pair (B,.k, OA,k) is t-connected, 
where t = 2d(m - k + 1) - 3. 
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